Abstract. In this note, we show that the canonical orientation data defined in [Dav] on the quiver hearts are compatible under the autoequivalence ⊗ π * O(1), and hence glue to give an orientation data for the stack of coherent sheaves on local P2.
Introduction
Orientation data is an important ingredient in the definition of Motivic Donaldson-Thomas theory [BJM] [KS] . Roughly speaking, an orientation data is a square root of the canonical bundle on a moduli stack satisfying some compatibility conditions. As illustrated in [Dav] , a choice of orientation data is necessary for the map from the Hall algebra of stack functions to the Grothendieck ring of motivic weights to be a ring homomorphism. The existence of orientation data had been shown in many studies. For example it is shown in [Dav] that there exists a canonical orientation data for the moduli stack of quiver representations, and in [Tod] that the trivial bundle on the moduli stack of finite length sheaves on a CY 3-fold defines an orientation data for that moduli stack.
In this note, we consider the orientation data on local P 2 : Tot(O P 2 (−3)), we denote this space by Y, and π : Y → P 2 be the projection. There is a derived equivalence [Bri05] :
where A ≃ End(π * (O P 2 ⊕ O P 2 (1) ⊕ O P 2 (2))), and Mod − A is the category of right A modules. The noncommutative algebra A can be described as the Jacobi algebra of a quiver with potential (Q, W), i.e. A ≃ Q 1 /∂W. Here Q is the following quiver:
and Q 1 is the path algebra of Q. The potential is given by W = c 3 b 2 a 1 − c 2 b 3 a 1 + c 1 b 3 a 2 − c 3 b 1 a 2 + c 2 b 1 a 3 − c 1 b 2 a 3 .
Let F ∈ Coh(Y), then F(n) has no higher cohomology for n large enough. This implies that F(n + 2) ∈ Mod − A for n large enough, see Lemma 2. We denote the image of Mod − A in D b (Y) under the autoequivalence ⊗π * O(−n) by Mod − A n . Then one can identify subcategories of Coh(Y) with subcategories of various quiver hearts Mod − A n , and further transfer the canonical orientation data for these quiver hearts in [Dav] to these subcategories of Coh (Y) . But are these orientation data compatible? In this note, we show that the answer to this question is yes, see Theorem 4. This way one obtains an orientation data for the stack of coherent sheaves by gluing the canonical orientation data on the stack of A n modules.
There is another orientation data from geometry, see section 2.2. The idea is related to Remark 5.5 in [MT18] , and the general statement is explained to the author by Yukinobu Toda. One may wonder the relation between the orientation data obtained from the quiver hearts and the one from geometry, it turns out they are the same, as shown in Theorem 5.
1.1. Outline. In section 2, we review the definition of orientation data and some facts about the derived equivalence. In section 2.1, we review the canonical orientation data defined on the quiver heart given by [Dav] . In section 2.2, we review the orientation data from geometry.
We prove the main results in section 3. In Theorem 4 we show that the canonical orientation data defined in [Dav] restricted to (Mod − A n ) c are compatible under the autoequivalence ⊗ π * O(1). Finally we show the orientation data from the quiver heart and the one from geometry are the same in Theorem 5.
1.2. Notation. In this note, all shemes are assumed to be noetherian schemes over C. All of the A modules are assumed to be right A modules. For the quiver Q in (1), we denote the arrows between vertices by a i , b j , c k , and the constant arrow at vertex i by e i . Denote P i to be the projective module of A generated by e i , for i = 0, 1, 2. Let S be an arbitrary scheme, denote the projection from S × Y to S by π S , and the projection from S × Y to Y by π Y . We denoting RHom S ( , ) := Rπ S * RHom O S×Y ( , ) . Denote the projection from Y to P 2 by π, if needed we abuse notation and denote π • π Y also by π. Denote the inclusion from P 2 to Y by i.
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Background
Let C be a category, in our situation, it is either the category of right A modules, where A is a Jacobi algebra of a quiver with potential, or the category of coherent sheaves on Y. Let St be the stack of objects in C. Let M be the universal object on St. Let M (2) be the stack parametrizing short exact sequences of objects in C, and 0 → M 1 → M 2 → M 3 → 0 be the universal short exact sequence. Then we have three maps
Note that this definition is slightly different from the definition in [BJM] . In [BJM] , orientation data is defined on the reduced structure of the algebraic d-critical locus.
Let
Note that the category of right A n modules is equivalent to Mod − A n in the introduction. As in (1) we have the derived equivalence [Bri05] :
where the inverse map is given by ⊗ L A n T n . Let (Mod − A n ) c denote the subcategory of Mod − A n consisting of modules of finite length. Since Y is a noncompact CY 3-fold, we consider sheaves with compact support. Let F be a coherent sheaf on Y with compact support. If RHom(T n , F) ∈ Mod − A n for some n, then RHom(T n , F) ∈ (Mod − A n ) c . So it is enough to consider the subcategories (Mod − A n ) c .
2.1. The canonical orientation data on a quiver heart. We first review the construction of the canonical orientation data for the stack of quiver representations. This section is a summary of a very small part of [Dav] , and the contents in the section was explained to the author by Ben Davison during the program EGN at MSRI. The author is very grateful for his tireless explanation. The general construction can be found in [Dav] , we only include here the ingredients needed for the Jacobi algebra A n .
Let Mod A n be the stack of the right A n modules of finite length. Then the universal
We have an isomorphism of O Mod A n modules (we omit k in the notation).
can be computed using a relative free bimodule resolution of O Mod A n ⊗ A n . A n 's are all isomorphic to each other, we omit n in the following paragraph. Since A is the Jacobi algebra of a quiver algebra with potential, A has the following bimodule resolution [Gin] :
where R ≃ e 0 C ⊕ e 1 C ⊕ e 2 C, and E ≃ CQ 1 , where Q 1 is the set of arrows of Q. Here the () * is the bimodule dual defined by Hom( , A ⊗ R A). In particular, if we take the bimodule structure of A ⊗ R A to be the outer bimodule structure, i.e. a(
Each direct summand of (A ⊗ R A) * is generated by e i ⊗ R e i as an A ⊗ R A bimodule via the inner bimodule structure. Each direct summand of 
, and similarly for a 2 , a 3 , b j , c k . δ 1 is defined by δ 1 (a i ) = a i ⊗ e 0 − e 1 ⊗ a i , and similarly for b j , c k . Finally δ 0 is defined by multiplication on A. 
Proof. We show the statement by constructing a canonical isomorphism on an affine cover ∐S i → Mod A n . Let S = Spec(B) be an affine scheme. Let M be a family of A modules flat over B.
Similar to (4), we have a bimodule resolution for B ⊗ A (we wrote R B for B ⊗ R):
Apply M ⊗ B⊗A to this resolution, we have (5) is an exact sequence of flat B ⊗ A modules, we see that (6) is exact for finitely generated module M. Since M is flat over S, (6) gives a projective resolution of M as a right B ⊗ A module. We can compute RHom B⊗A (M, B ⊗ A) by the resolution (6). RHom B⊗A (M, B ⊗ A) is quasi-isomorphic to a complex of left A modules:
Note that if we apply ⊗ B⊗A op M * to the bimodule resolution of B ⊗ A, we obtain a bimodule resolution for M * :
By a direct comparison of the maps, we have that α ∨ 1 = −β 1 , α ∨ 2 = β 2 and α ∨ 3 = −β 3 . This implies that (7) 
Since in the sequence (8) the module in degree i is dual to the module in degree 3 − i, we have
Since H(M, ) and H( , M) are triangulated functors between triangulated categories, the line bundle det (H(M, M) ) satisfies the compatibility condition (ii) in Definition 1, hence defines an orientation data on Mod A . Denote this orientation data by L A .
Orientation data on
Coh(Y) from geometry. This section was explained to the author by Yukinobu Toda during the program EGN at MSRI, the author is very grateful for his patient explanation of this unpublished work.
To simplify notation, we will write the arguments for a single sheaf. It works exactly the same way if we replace F by a family of sheaves over Spec (B) . Since the isomorphisms are canonical, as in lemma 1, the conclusion holds for the universal family on the stack of coherent sheaves on Y.
Let F be a coherent sheaf on Y with compact support. We have the exact sequence
Denote the action of O P 2 (3) on π * F by g : O P 2 (3) ⊗ π * F → π * F. Let the map s be the multiplication by the canonical section of π * O(−3). Then f 1 is explicitly given by π * g − s ⊗ id. f 2 is the canonical adjoint map. Then we have the following exact triangle:
where the second isomorphism is by Serre duality on P 2 . This gives a canonical square root det(RHom(π * F, π * F)) for det (RHom(F, F) 
, and π * Y T n by T n . Let F be a flat family of coherent sheaves on Y with compact support over a base scheme S, where S is of finite type. Then for n large enough, R i π S * (F ⊗ π * O(n)) = 0 for i > 0. By the definition of T −n , this implies that:
Lemma 2. RHom S (T −n−2 , F) is a flat family of A −n−2 module over S.
In particular we can cover the stack of coherent sheaves by the stacks of right A n modules, for n ∈ Z.
Let S = Spec(B) be an affine scheme of finite type. Omit n in the notation for simplicity, we have the following relation between the functors RHom S (T, ) and ⊗ B⊗A T: and id agree canonically when applied to free B ⊗ A modules and modules of the form P ⊗ A, where P is a direct summand of free copies of B. As a result, these two functors agree for any finitely generated B ⊗ A module M which is flat over S.
On the other hand, let F be a family of coherent sheaves on Y with compact support which is flat over S. Then π * F is a flat family of coherent sheaves on P 2 . The argument then follows from the well known result that D b (P 2 ) is generated by O, O(1) and O(2) . Denote π 1 : S × P 2 × P 2 → S × P 2 , and π 2 : S × P 2 × P 2 → S × P 2 to be the projection to the first and second factor of P 2 × P 2 . Denote π i P 2 : S × P 2 → P 2 to be the corresponding projections to P 2 , and π i S : S × P 2 → S be the corresponding projection to S. By Beilinson's resolution of the diagonal, we see that π * F is generated by
for i = 0, 1, 2. By the projection formula,
. Since π * F(−i)| s has no higher cohomology for any point s ∈ S, we have
we have Φ i , and hence π * F is generated by objects π 1 *
By the exact sequence (9), we have F is generated by objects 
We have the exact sequence
which gives two exact triangles
and (11) and (12), since every term in the above triangles are locally free, we get exact triangles
Apply RHom S (O, ) to the above two exact triangles. Since RHom S (π * T 0 , F) is a family of A 0 modules, and RHom S (π * T 1 , F) is a family of A 1 modules, we have R i Hom S (O, F(−k)) = 0 for all i = 0, k = 0, 1, 2, 3. By the long exact sequences, the only non zero cohomology of Q ⊗ F is R 0 Hom S (O, Q ⊗ F). Thus we get an exact sequence of vector bundles over S
both as A 0 module, and as A 1 module.
While as A 0 module, we have the canonical isomorphism
Hence we have a canonical isomorphism
In general, assume that M is a family of right A 0 module, which is also a family of right A m module. Since M is a family of right A m module, let F := M ⊗ B⊗A m π * T m . As in (11) and (12), we have exact triangles
and
By ( Combining the above observation, M is also a family of right A k module, for 0 < k < m. We have canonical isomorphisms
The above isomorphisms are canonical, hence the L A n 's glue to be a line bundle L a on ∪Mod A n .
Leting
It is enough to show there is such a canonical isomorphism over an affine scheme S = Spec(B). Let F be a coherent sheaf on S × Y which is flat over S, such that RHom S (T −n , F) is a flat family of A −n modules over S. Since RHom S (T −n , F) is a finitely generated B ⊗ A −n module, it has a free resolution, denote it by N • . This implies that
T −n has a resolution consisting of copies of T −n , denote it by L • . Then we have the following isomorphisms:
Since RHom S (T −n , F) has no higher cohomology, the complexes of the RHS of (16) and (17) are canonically isomorphic. Hence we have a canonical isomorphism:
Note that up to quasi-isomorphism, this canonical map does not depend on the choice of resolution. Hence (15) follows. If E is both an A −n module and an A −m module under the corresponding derived equivalence, then by repeatedly applying relation (10) and the similar argument for gluing L A n 's,
, it is enough to show there is a canonical isomorphism L g | Coh n ≃ L a | Coh n . WLOG assume that n = 0. Let T 0 P 2 := O P 2 ⊕ O P 2 (1) ⊕ O P 2 (2), and A 0 P 2 be End P 2 (T 0 P 2 ). We write (3) [Gin] in the following explicit form:
The resolution for A 0 P 2 can be identified with part of the resolution for A, we omit 0 in the notation:
Note that here c * k is just a notation for the generator e 2 ⊗ e 0 as an A ⊗ A bimodule with the outer bimodule structure. Let F be a flat family of coherent sheaves on Y with compact support over an affine scheme S = Spec(B), assume that RHom S (π * T 0 , F) is a B ⊗ A 0 module, denote it by M. As a B ⊗ R module, denote M by
Then π * M := RHom S (π * P 2 T 0 P 2 , (id S × π) * F) is a B ⊗ A 0 P 2 module, via the inclusion of A 0 P 2 in A 0 . As a B ⊗ R module, 
